Appendix C

RANS Equationsin Curvilinear
Coordinates

To begin with, the Reynolds-averaged Navier-Stokes (RANS) equations are presented in the familiar
vector and Cartesian tensor forms. Each term in the transport equations is examined to see whether it
complies with the Einstein summation convention for curvilinear coordinates. Then, according to the
rules outlined in Appendix B, the equations are re-written in non-orthogonal curvilinear coordinates
in which velocity vectors follow the coordinate directions. Those equations which are used in the
derivation of the UMIST-N wall function transport equations are shown in boxes to highlight their
significance.

C.1 Vector Form

Continuity
0
P . (pU) =0 (1)
ot
Momentum
0
E(pU)JrD-(pU@U—T):—DP (C.2)
Scalar, @
d
5 (PO +0-(pUp—q) = So (€3

where U and q are, respectively, the mean velocity and scalar-flux vectors, T is the second-order
stress tensor (T =1lg ®gj) and P is the mean pressure. The divergence of a vector quantity is a
scalar whilst the divergence of a second-order tensor results in a vector quantity and, therefore, in
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3-D space the momentum equation consists of three component equations each multiplied by a base
vector.

C.2 Cartesian Coordinates

The continuity, momentum and scalar transport equations can be written in Cartesian tensors as fol-

lows:
Continuity
g—f+%(pui) =0 (C.4)
Momentum
2 (0U) + o (pUUT 1) = (C5)
Scalar, @
% (pQ) + % (p(pUj —JJ,) =S}, (C.6)
Turbulent Kinetic Energy, k
%(pkn%(pkui—g—‘k%) =G—pe €7
I sotropic Dissipation Rate, €
% (08) + % <p§Uj - %%) . flGE ~Ce fng—: +pYe+Peg (C.8)

where the stress tensor, T'l, is given by:

y ou' oul 20Um\
= (m t o 55”ax—m> —p? )
—

In an incompressible flow, the underbraced terms in the above equations disappears since, from con-
tinuity, (0U™/ox™ = 0). The Reynolds stress <—pW), is expressed, using a linear eddy-viscosity

model: _ _
— ou' ou’l 2 _0Um 2 i
—ouiyl = T _LFIE ) L .
pu'ul = (axl + P 36 axm> 36 pk (C.10)
N——— ——
where the two underbraced terms in the above equation arise from the trace condition (where, by
definition, u'u’ = 2k). The term, Jd,, representing molecular and turbulent diffusive flux of the time-
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averaged scalar, @, is given by:
99
oxl

where T is the molecular diffusivity (not to be confused with the Christoffel symbol, F‘jk, which has

I =Ty —puig (C.11)

¢

three indices). The turbulent scalar flux <_pr) is calculated using an eddy-diffusivity model:

—pulp=——% (C.12)

The eddy-viscosity, W, using a k — € turbulence model, is given by:

k2
be =Py (C.13)
the production rate of turbulent kinetic energy, G:
—; VL
= —puiul=— .
G pu'u P (C.14)
the total dissipation rate, €:
akl/Z 2
= g 2 = .1
e=E+2v | —; (C.15)
the Yap correction, Y¢:
2
k3/2 /& k3/2/8\ &
Y. = . -1 — ] — A
o =max | 0.83 ( 2,55y 255y ) k| ° (C.16)
and the gradient production term, Pes:
U1 \?

C.3 Summation Convention

The derivatives appearing in the above transport equations in Cartesian coordinates are covariant, in
which case the derivative of, say, @ with respect to xJ can be written, d¢/dx} = @ j» Which in itself
is a covariant tensor. Recalling Section B.19, the summation convention in general coordinates is
defined such that summation only occurs where one dummy index is subscript and the other is super-
script (i.e. summation only applies between covariant and contravariant terms). The second covariant
derivative of @ cannot be written (¢ j) ; since this would violate the summation convention as both

dummy indices are subscript. In order to change @ j into a contravariant tensor (effectively raising
index j from subscript to superscript), the product is taken with the contravariant metric tensor g'l
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(which in Cartesian coordinates is equivalent to the Kronecker delta, &')). As was shown in Section
B.19, the correct form of the second derivative of @ is thus (éjm(p,m)’j where dummy indices j and
m are now repeated as subscript and superscript. Additionally, all of the terms in the each equation
should be consistently covariant or contravariant, for instance, one cannot have a contravariant compo-
nent on one side of the equation equal to a covariant component on the other. In the following sections,
each of the terms in the momentum, Kinetic energy and dissipation rate equations are examined to see

whether they comply with the summation convention.

Convection

In the conservative form of convection of momentum, given by:

d(pu'ud)
ox!
the suffix j appears in the contravariant velocity component and the covariant derivative and therefore
complies with the convention. Likewise, in the non-conservative form of convection:

— (puiui)7j (C.18)

jout _ pUT (U) | (C.19)

PU ST 7

index j is repeated in subscript and superscript. Convection of a scalar quantity (¢, k or €) can also be
shown to agree with the summation convection.

Diffusion

The covariant gradient of the contravariant stress, T', is written:

a'[ij ..
W — (TIJ)"J- (CZO)

where j is repeated in subscript and superscript, in agreement with the summation convention.

Stress Tensor, T

In the contravariant stress tensor:

i ou' Ul 2_.0Um\
T = M (W +W — §6lja)(—m> —pu'ul (021)

the strain-rate (OU‘/axj) = U"j involves a superscript i and subscript j. Since both i and j must be
contravariant (since T js fully contravariant), the Kronecker delta, 3IM is introduced as follows:

out
W — U’IJ' — 6JmU"|m (022)
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where i and j now appear as superscripts. Likewise the second strain-rate term in Equation (C.21) is

written: _
ou!

Xt
The remaining terms in Equation (C.21) agree with the summation convention. The contravariant
stress tensor, T', is therefore given by:

=u!=8"u}, (C.23)

- Lout Ul 2 ..UM —
'y, :u<6jmgxim_’_6lmg%_gall%> — pu'ul (C.24)

Scalar Flux Vector

Following a similar reasoning to that used with the stress tensor, the scalar flux J j, which is modelled
using the eddy-diffusivity hypothesis, is given by:

op —
Y _ oyl
oxi PU'®

_ He\ 99
- <r(p+0<p> oxJ

_ <rq,+ %) 0, (C.25)
()

Since the scalar flux should be a contravariant vector, the subscript j must be raised by multiplying
the above expression with &/™:

i H 5im 90 B sim
i <r¢+%>5 — (rq,+0(p 5y, (C.26)

Pressure Gradient

The pressure gradient in Equation (C.5) is expressed as the covariant derivative of the scalar parameter
P and is therefore itself a covariant tensor, (ap/axi = P,i). However, the convection and diffusion
terms, discussed above, both yield contravariant components once summation has been applied over
the dummy indices (i.e. both convection and diffusion terms have superscript i). Therefore, to obtain
agreement with all the components in the momentum equation, it is necessary to to raise the index i

in the pressure gradient:
P .
_gxi =P;i=08"P; (C.27)

Turbulent Kinetic Energy Production, G

The production source term G in the k- and €-equations is given by:

—; Y] —
G= —pu'ulm = —pu'ulU (C.28)
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Here the dummy index j is repeated in the subscript and superscript, in agreement with the summation
convention, but index i appears superscript in both instances. Therefore, to satisfy the summation
convention for index i, the covariant Kronecker delta (&) is introduced, as follows:

G = —p&imumuil’; (C.29)

where the dummy indices (i, j and m) are all repeated in subscript and superscript.

Total Dissipation Rate, €

The total dissipation rate, €, is given by:

g=E+2v (akl/.2> 2 — &2V (k1/2> (kl/z) (C.30)
oxJ . )

This does not agree with the summation convention in general coordinates since both derivatives of
k/2 are covariant tensors. To make one of the tensors contravariant, the contravariant Kronecker delta
(3™} is introduced, as follows:

g£=&+2v3l" (k1/2> : (kl/z) . (C.31)

Gradient Production of Dissipation Rate, Pg3

In the low-Reynolds-number model €-equation, the near-wall damping term (Pg3) is given by:

N 02! 2_2 AN C.32
23 =2Vt 5ok | = bVt ( J),k( J),k (C.32)

In order to obtain the second covariant derivative one must first raise the index of the first derivative
to satisfy the summation convention. The second derivative of the velocity is therefore written:

(5Jkujk) | (C.33)
where k is a dummy index. The square of this term requires the introduction of three Kronecker deltas
to comply with the need for repeated raised and lowered indices:

Pes = 2 8imdjnd” (8°UY) | <5i'<ujk) (C.34)

, |
Unfortunately, to agree with the summation convention, Pg3 now contains eight dummy indices (i, j,
k, 1, m, n, oand p).

To summarize the preceding sections, the momentum and scalar transport equations are re-written
below in Cartesian coordinates, where the general coordinate summation convention is observed:
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M omentum

9 ive 9 iy iy — i 9P
5 (pU)+an (pU'U)—1) = -8 o (C.35)

where the stress tensor is given by:

. . i ] oyum S
=y (61”‘3)% +6'mg% - %6“%) — puiul (C.36)

and the Reynolds stress:

S Lout o ooud 2_.oum™\ 2.
_pu|uJ = Ut <6Jmax—m +6Imax—m — §6lja)(—m> — §6ljpk (C37)
Scalar

Alternative Approach to Summation Convention

An alternative way of examining the summation convention in the above equations is to start from
the vector form of transport equations and convert each term into non-orthogonal curvilinear coordi-
nates directly (omitting the in-between step of Cartesian tensors). For instance, the velocity gradient
component of the stress tensor can be written in vector form:

T =gradv=[0v (C.39)

This can be converted into generalized tensor form as follows (see also Section B.18)

0 (Vig)

T = ¢ . C.40
95 (C.40)

The covariant derivative of vector v was shown in Section B.14 to be given by:

o (vVigi) o i
an = (a_EJ +Vv I_mj> gi =V (C.41)
hence the expression for the stress tensor becomes:

T=vigog (C.42)

In the above equation, the stress tensor is expressed in terms of mixed covariant and contravariant base
vectors, gi and g!. In order to obtain agreement with the remaining terms in the momentum equation
one needs to express the stress tensor in terms of the covariant base vectors g; and gj. To do so, the
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contravariant metric gJ¢ is introduced to lower the base vector g to g:
o
T =g"V}jgi ® o (C.43)

Switching around the indices j and k so that the stress tensor is in terms of the base vectors g; and gj,
one obtains:
T=gM\g®g; (C.44)

The components of the above expression are identical to the first term in the strain-rate tensor obtained
in Equation (C.24).

C.4 Transformation Rules

To convert the RANS equations from Cartesian to curvilinear non-orthogonal coordinates, the fol-
lowing set of transformations are applied. These rules are identical to those adopted by Demirdzi¢ et
al. [86] with the exception that here the transformations are to non-physical parameters®. Expressions
in Cartesian coordinates are shown on the left and equivalent expressions in non-orthogonal curvilin-
ear coordinates on the right. The use of (0 and A/A;j symbols is to allow direct comparison with the
equations given by Demirdzic et al. [86].

Scalars
o— Q@ (C.45)
0 o0
Vectors
vV (C.47)
avi RV I V! mri
M—)DJV _v7j_@+v imj (C.48)
vl o Av)
_— i J: J. — _
F™ Ujvi = v AE] (C.49)
10 i
— = 7 (i
= Ja@ (3v) (C.50)

1Demirdzi¢ et al. [86] expressed the transformed equations in physical curvilinear coordinates and subsequently inte-
grated the transport equations in physical space (i.e. over the cell dimensions in terms of X rather than &) - for details see
[85]. In the treatment outlined in this document, the integration takes place in &'-space and therefore the equations are
expressed in terms of the non-physical & components.
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Tensors
T T (C.51)
3 —gl &j— gi (C52)
T! AT

‘ZXJ DJT'J—T'JJ = A—EJ+T”‘JI" (C.53)

T . -
= %H'mrﬂnjﬂmlr:nj (C.54)

10 ij mjri
= I3 (AT + T, (C.55)

C.5 Non-Orthogonal Curvilinear Coordinates

Following the transformation rules summarized in Section C.4, the Navier-Stokes equations described
in the preceding section are given below in non-physical non-orthogonal curvilinear coordinates.

Continuity
5_P+A_EJ (PUT) =0 (C.56)
Momentum
5 (pU") +0j (pU'UI 1)) = —¢f g; (C.57)
where the non-physical stress tensor, T', is given by:
di <ngD Ui gm0,u0 - EguAALE’m ) e (C.58)
and the non-physical Reynolds stress (—pW):
—puil = <g'mD U'+gMOnU) - gg” AAL; > - ég”pk (C.59)
Scalar

Turbulent Kinetic Energy

9 ok
(k) + AAEJ [pkUJ <|H— t >ng6E } —G—pe (C.61)
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I sotropic Dissipation Rate

0, . JAN M\ iy OF € g2
el il i_ P gim 2= | z_ hll
P (PE) + gl {psU <u+ 08) g azm} =Ce1 F1G T fop T PYc+ Pes (C.62)
where the generation rate of turbulent kinetic energy, G, is given by:
G = —pgimuium;u’ (C.63)

the total dissipation rate at the wall, €:

. [ okY2\ [ ok/2
g =¢&+2vg!" ( 5 ) ( 3] ) (C.64)

and the gradient production of dissipation rate, Pes:

Pes = 2uvtQimgjng' P [Jp (970U ™)) [Dl (gj"DkU ')] (C.65)

C.5.1 Physical Velocity Components

The notion of “physical” components was introduced in Section B.20. If one considers the simple
case of a constant velocity field in plane polar coordinates (r — 8), one can show that the radial and
circumferential velocity components, v, and vg, are given by:

or

V=g = vl = constant (C.66)
Vg = rg—? — rv? = constant (C.67)

where v1 and v2 are the non-physical velocity components in the radial and circumferential directions,
respectively. As one approaches the axis of the polar coordinate system (r — 0) the circumferential
non-physical velocity component tends to infinity (v — o). This can introduce serious errors in nu-
merical calculations and, therefore, one must solve for the physical velocity components (in this case,
vr and vg) [85]. In general curvilinear coordinates, the physical contravariant velocity component,
U® is obtained from:

u

u'= N (no summation) (C.68)
i

C.5.2 RANSEquations Using Physical Velocity Vectors

Continuity

The continuity equation can be written with the velocity components in physical form, using Equations

(C.56) and (B.133) :
o 10 (J i) _
o +J 521 ( gjij =0 (C.69)
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which is expanded:

op 10 ( J ) 10 < J > 10 ( J )
Ty U)+s— VAR W) =0 C.70
o Jag \/gllp Jon \/gzzp JoC \/933p (C.70)

where, as above, U, V and W denote the physical velocity components in the direction of the non-

physical base vector components &, n and ¢ respectively.

Scalar

Using Equations (C.50), (C.60) and (C.68), the scalar transport equation in nonorthogonal curvilinear
coordinates can be written using physical velocity components as follows:

9 10 (J wi)_19 B\ m 09
(p<p)+w(Ej (mpw J) =35 [J <r¢+%> gl azm} +Sp (C.71)

M omentum

An important difference with the scalar equation is that the divergence of a second-order tensor
(pU® U —T) results in a vector, whereas in the scalar equation the divergence of (pUgp— q) resulted
in a scalar quantity. Therefore, the momentum equation can be written:

d . o 9P
E(pul)+|:|j (pU'UJ—r”)+g”a—Ej gi=0 (C.72)

The base vector, g, is written in “physical” form (i.e. as a unit vector) as follows:

9 = /i) (C.73)
and the momentum equation becomes:
9 (pu') +0; (pUiui 1) + g2 | /gig = 0 (C.74)
ot : ogi | VIR '

It is important to keep the ,/Gii term in this expression so that the components are in terms of the
physical base vectors. Without the ,/Gii term if one converts the equation into cylindrical polar co-
ordinates, the axial, radial and angular (rather than tangential) momentum equations are obtained.
Expanding the covariant derivative term [0 (pU'UJ —1'1)] in the above expression using Equation
(C.55) and writing the velocity components in physical form, (Ui = U(‘)/\/ﬁ) , the components of
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the momentum equation are given by:

9
a (PY )*\/g_'aazl <\/9+T“

v .
convection

m) rimj\/ﬁ

U<i>u<i>> Loty
p p =

P 19
—

dif fusion

where there is no summation on the i index and it is assumed that the grid is not changing over time
(a,/g”/at = O). The first underbraced term, denoted “convection”, in the above expression can be
written in a similar form to that given above for the @-equation convection, using the quotient rule:

10 J _— 10 J - 0 a,/gi
- ° (2 U(')u(J)) - <_ U(')u(1)> C.76
isae (e AW i ,ﬁg..gj owr  ©7

where, from Equation (B.121), the expression involving the derivative of the metric tensor can be

written:

0O 1100 11 oeme s [idin
08 2. gioEl 2. g ™ T g

The second underbraced term in Equation (C.75) can also be expanded, as follows:

(no summation oni) (C.77)

VET o 0) = 2 (gt -2

= %ai(\/—h”) 'j% (C.78)

Finally, substituting Equations (C.76), (C.77) and (C.78) into Equation (C.75):
% (pu®) +%a% (\/Lﬁpu(‘)um) = %a% (V@) +8, (C.79)

where:
s, — puiyl ) Fijgim _pU<j>U<m>7 gl /g 2P
Gii\/9ij V/ijGmm 55’

_Tijrmg:. ™ Vi (C.80)

There is no summation on index i in the above equations.
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Stress Tensor, 1')
The non-physical stress tensor, T', for incompressible flow is given by:
) =p (g™}, +g™ul) — puiud (C.81)
The six independent stress components are expanded as follows:
™ = 2u(g™U1+9"U2+9"U3) —puu (C.82)
2 = 2u(g*Vi+0V;o+9%V3) — pw (C.83)
™ = 2u(g*W1+ %W, +gBW3) — pww (C.84)
2o (gzlu1 +02U,+9%U;
+g"V 1+ gV, + gV 3) — puv (C.85)
L (931U71 +g%2U,+9%U,
+gMW1 +gW 5 +g"¥W 3) — puw (C.86)
.[23 _ .[32 = (g3lv7l + 932V72 + 933V73
+9%W 1 + W +g®W 3) — pvw (C.87)

where strain rates U j, V;; and W;; are expanded in Section C.5.2. The non-physical components of the
Reynolds stress (—pW) are obtained from Equation (C.59) for an incompressible flow, as follows:

—putul = (¢™Uj +9"U ) - %g”pk

which is expanded:

2
—puu = 2 (MU +g"U2+9%Us) — 30

2
—pW = 24 (gPV1+ gV, +gBV3) - 5922

2
—pWW = 2 (9% W1 +g¥W2+ W) — 29

(C.88)

Hok (C.89)
pk (C.90)
3pk (C.91)
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—pW = —pvI = (g7U1+9%U,+9%U3
+9"™Va1+ g™V, +gBv3) - %g”pk (C.92)
—ptw =—pwi = i (*U1+9%U2+9%U3
2
+gMW 1 + MW +gBwg) — §gl3pk (C.93)
—pW=—pW = P (0*V1+0*V,o+g¥V;
2
+9%W 1 +g%Wo +g%W3) — 5923pk (C.94)

Velocity Gradient, U"j

It was shown above that the strain-rate in Cartesian coordinates (0U'/0x}) transforms into the follow-
ing expression in non-orthogonal curvilinear coordinates:

Ul : R UL
— —OU'=U} = a_Ej+umr' (C.95)

which is expressed in terms of the physical velocity component U (:

. o [ud ym .
| _ - - I ul
Vi = 08 (\/gii> o Fmj (C.96)

The strain-rate is expanded in 3-D curvilinear coordinates, as follows:

Ui= a_aa <¢%> + \/L%F%ﬁ— \/\;EI'ZN— ng_%rﬁ (C.97)
Uo % (&) + \/L;ml'%ﬁ— \/V_Zr22+ \/W_Sr32 (C.98)
Us= % <\/L%> + \/L%riﬁ \/V_Zr23+ \/Vg_%rég, (C.99)
Vi= a% ( \;22> + \/L%Ffﬁ— \/\;EI'%N— ng_%rgl (C.100)
Vo= % ( \;22> + \/Lézriﬁ \/\%ng%— \/V;%rgz (C.101)
V3= a% ( \ézz> + \/L%ng—k \/V_Zr§3+ \/Vg_%rgg (C.102)
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0 U \ w
W= - rs M3+ rs C.103
. az<¢—> Vo 2 Um 2t (€109
0 U \% w
W -2 + Ve W o C.104
@ 6n<\/_> Vi 2 e 2 e (€109
0 w U \ w
W’(g)_0_1< f> T ris+ % M+ —— T (C.105)

where UM = (U,V,W) denote the physical velocity components and &' = (£,n,) the non-physical
contravariant components of the covariant base vectors g; = (91,092,093).

C.5.3 Examination of Curvilinear Transport Equations

The momentum equation in curvilinear coordinates is given by:

O/ N L (I o i
a(pU())+36_.‘£J<\/—_pU()U(J)> Jaaj(\/—ar)JrsU (C.106)

where the source term, S‘U, is given by Equation (C.80). The diffusion term in the above equation can
be rearranged so that it follows the same format as the diffusion term in the scalar equation (Equation
C.71). The stress tensor for an incompressible flow, using a linear eddy-viscosity model, can be
written:

= et (¢MOnU' +gMOnU ) — %g”pk

i 0U ./ oU 2 .
= Heff [g”“ <a&m +riaU >+g'm (a&—m” U )] —gg”pk (C.107)

Substituting the above equation into Equation (C.106), the first component of the diffusion term is
given by:

10 L oU!
35_51 (\/ﬁJUefngm&—m> (C.108)

Writing the velocity component U' in terms of the physical component U ():

10 md (Ul
198 [\/@JueffgJ I (E)] (C.109)

and expanding the inner-derivative using the quotient rule, one obtains:

10 ., §1U J . - 0\/Gii
- m _ imp (i) i
3 98] (J“effg e g9V e (C.110)
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The first term in the above Equation is of a similar format to the diffusion term in the scalar equation
diffusion term, which was given as (Equation C.71):

Checking the Formulation of Convection
.N
n
yn e
L,

¥& 1IN

Figure C.1: Cartesian grid cell with mean velocity U parallel to the x-axis

In the preceding section it was shown that the transport equations for momentum and scalar can
be expressed in the form:

2 (o) + %a% (%mpw“)) _ %a% (JWJ’”’%) S (€.112)
where @ represents a scalar parameter or the physical velocity component, I denotes the relevant dif-
fusivity and Sy, includes the pressure gradient and curvature source terms in the momentum equation.
To confirm that the convection term in the above equation has been derived correctly, one can show
that by integrating the convection term over a control volume one obtains an expression involving
mass fluxes of parameter ¢ through the cell faces. The convection of scalar ¢ in the &-direction is
discretized and integrated over a 2-D physical cell volume (see Figure C.1) as follows:

to (3. <1>> |

J 98] <\/%pqu dvo
1 J ]

- Dew K\/gzp(pu>e— <\/TEP¢U>J A&ewANns (C.113)

where U is the physical velocity component in the &-direction and AVol = JAEAN is the cell volume
(equivalent to an area in 2-D). Each of the dimensionless distances in computational space has unit
magnitude:

A&ew = ANps =1 (C.114)
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the Jacobian is therefore the cell volume:
J =AVol (C.115)
The metric tensor (g11), is equivalent to square of the physical distance between the nodes P and E:
ox\ 2 oy 2
(911), = <O_E> + (ﬁ)
() ()
A&ep A&ep
~ (AXEP)Z (0116)

and the convective flux through the eastern cell faces is therefore given by:

J AVol
(mqu)e - (Feppcpu)e = (BynspQJ ), (C.117)

where the velocity U is normal to the eastern cell face which has area Ayns. Therefore, (Aynsp@U ),
represents the mass flux of @ through the eastern cell face.

Checking the Formulation of Diffusion

N N

y”T ! P ° do y v yIfﬂ
X AL I .- e

Figure C.2: Cartesian and skew grid arrangements with vertical gradient of ¢

The second check on the derivation of the curvilinear transport equations involves the diffusion
term. Figure C.2 shows two grid arrangements with equal spacing of grid-lines in both the vertical
y-axis and the horizontal x-axis. In the first grid, the base vectors are aligned to a Cartesian grid (in
which case & = x and nj =y) but in the second grid the n-axis is skewed from the vertical. A gradient
in @ in the vertical y-direction is imposed and it should be demonstrated that equal diffusion of @ is
obtained using the two different grids (assuming there to be no gradient of ¢ in the x-direction). The

diffusion term is given by:
10 i 0@
- 2 jmp 2¥
3 58] <Jg razm> (C.118)



196 APPENDIX C. RANS Equations in Curvilinear Coordinates

In the 2-D case considered here, the diffusion of ¢ in the vertical direction is calculated from:

10 2o 0@
- r— A1
Jan (Jg 6n> (C.119)

As before, the Jacobian in 2-D is equivalent to the cell area:

J = Area = AXewAYns = AXewAYnp (C.120)

The contravariant metric tensor, g22, is obtained from matrix inversion:

T
ij_ 1 1 g1 Q12
g'==Gj; = = |cof
g " J2 [ ( 021 922 )]

_ 1) 92 0w (C.121)
32| —gz on
1 1
0% = 35011 = 75 (Bew)” (C.122)

Substituting Equations (C.120) and (C.122) into (C.119):

10 (1 2000) _ 10 ((B) 09
Tan <Jg ran> - Jan< : ran (C.123)
10 [ DXew 6<p>
— -2 =wr=E C.124
Jon (AYNP on ( )

The diffusive fluxes obtained by discretizing and integrating the above equation are of the form:

rA

3 (C.125)

where where A is the cell-face area (equivalent in 2-D to Axey) and L is the vertical distance between
adjacent nodes (i.e. Ayrp). The diffusion of @in the vertical direction is therefore identical whether a
Cartesian or skew grid is employed.

C.5.4 Non-Conservative Convection
Scalar

Convection of scalar @ in conservative form was shown earlier to be given by:

0 10 J :
el R R (i)
P (po) + 3 5¢] (\/g_jquu ] > (C.126)
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Expanding this using the product rule:

op a9 puap ¢ o < J (->
— Tt T~ (= U ) C.127
ot Par V3ij 081 J o0& \/g_jjp e

Continuity is expressed in curvilinear coordinates:

o B Uiy —
5 +AEJ (pU ) =0 (C.128)
op 10 ( J (->
—+—(——pull) = 0 C.129
ot = Jog! \/g_jjp ( )
Therefore, Equation (C.127) simplifies to:

(C.130)

+—_.
Par * oy oel

Momentum

Convection of momentum can also be obtained in non-conservative form by expanding the conserva-
tive form and canceling terms using continuity. The conservative convection term was shown earlier

to be given by:
0 i 10 J N
=z My L= 2 (2 suby

i <pU )+ 3 9% ( gjij U ) (C.131)

This can be rearranged to give the non-conservative form:

au®  puau®

+ . C132
o T g oe (C.132)

C.5.5 Alternative Approach to Derivation

In the preceding analysis, it has been shown that the convection term in the momentum equations can
be written in curvilinear coordinates, as follows:

(U-OU = O;(UU))gg

U au® agm Mgm g m Fmi/Gi
V9jj 08! 9ii\/Tjj /9ji0mm
The above expression was obtained by converting the Cartesian convection term into curvilinear co-
ordinates. To check that the derivation is correct, one can re-derive the convection term by starting

0 (C.133)
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directly from the vector form, (U- ) U, as follows:

. 9 .
(U-OuU = U‘gj-gka—H(U'gi)

= Ujé?a% (U'g)
= Uja%‘ (U'g) (C.134)
The covariant derivative of a vector is given by:
a%‘ (U'gi) = <‘;%.i +Umrﬁnj> O (C.135)
and therefore we obtain: _
(U-D)U:( i%wiumr;ﬂ) o (C.136)

Using physical velocity components U (), where U' =U (/. /Gi;, and physical base vectors g, where
gi = /Giii):

uid g [u . MG
U-D)U= |/Bi— = | — | +uDym T : C.137
(U-o \/ﬁ\/g_jjaEJ (\/m N o ( )
and using the quotient rule to rearrange the underbraced term:
() (M (3 au® Hy ) .
Vel o (V) UToUT UTUTOVG (C.138)
/9jj 0¢! Qii V/3jj 0&) J/Giigjj 0¢&)

From Equation (C.77), the gradient term, 6@/651, can be expressed in terms of the Christoffel
symbols and the convection term becomes:

() (i) ) Mo ) NG
(U-D)U:[U Mgy 8m Gy m Zmivi %) (C.139)

Jaj; 081 9ii/Tj] +/T779mm

This is identical to the expression which was derived earlier (Equation C.133).



