Appendix E

Numerical Treatment of Subgrid
Transport Equations

In the Appendix D, the subgrid momentum, scalar, turbulent kinetic energy and dissipation rate equa-
tions were derived. Each of the subgrid transport equations can be written in the following generic

form:
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where @ denotes one of the subgrid parameters: U, V, k or €, I is the diffusivity and the source term,
C, includes all geometry-related source terms and the pressure gradient in the momentum equations.
Following the finite-volume method, the subgrid transport equations are discretized and integrated
over subgrid control volumes which have physical dimensions (JASANAZ) where, in the present treat-
ment, it is assumed that the &-axis is parallel to east-west, n-axis north-south and {-axis top-bottom
(the wall-normal direction). Using the same method as used previously for the UMIST-N wall func-
tion, gradients appearing in diffusion and source terms are calculated using central differencing while
convective terms are discretized using upwind differencing.

E.1 1-D Diffusion

Considering only diffusion and the source term, the generic subgrid transport equation can be written:
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and integrated over the control volume (where AVol = JAE gpANnsQlip):

3g®r) O =®)  ggmp) o) e A0 () avol E.4
where subscripts T, P, and B refer to the top, current and bottom nodes respectively, t and b denote
values at the top and bottom boundaries of the subgrid cell, respectively. Equation (E.4) can be
rearranged into:

Dt (@r — @p) — Do (9 — 9) + (C)pAVol =0 (E.5)
where: A
D; = (Jg33r)t ENT:(M (E.6)
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Grouping coefficients of ¢p, Equation (E.5) becomes:

Dt@r + D@z + (C)pAVol = (Dy + Dp) @p (E.8)
This can be expressed as:
ap@r = arQr +agPs +S (E.9)
where: AE o
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S =(C)pAVol (E.13)
It is assumed that the cells have unit dimensions in curvilinear coordinates, i.e.:
AEew = Ar]ns = Ath =1 (E-14)

Additionally, the distances between adjacent nodes are assumed to be unity so that, for example:
Aep=1 (E.15)

In the subgrid cells adjacent to boundaries the distance from the node to the boundary is half a cell
width. For example, the subgrid cell adjacent to bottom boundary shown in Figure E.1 has A(pg = 0.5.
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The covariant metric tensor (gs3), at the bottom boundary of the near-wall cell is given by:

020z  (zp—1B 2_ Azpg 2
(933)p = ot < Nrg > = (W) (E.16)

the Jacobian, J, at the bottom boundary is calculated from:

(I)p = (v/011922933),, = 28%enAYnsAZps (E.17)
and the contravariant metric tensor (933)b is given by:
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Substituting these expressions into Equation (E.11) for the diffusion coefficient at the bottom bound-
ary:
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This is exactly the same form as would be expected in a standard Cartesian discretization of the
diffusion term. The coefficients are in the form (ag = M,A/L), where A is the cross-sectional area of
the cell and L is the distance between the near-wall node and the node on the boundary.
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Figure E.1: Near-wall subgrid arrangement showing the location of the nodes and the computational
cell widths.

E.2 Convection Parallel tothe Wall

Convection of scalar ¢ in the &-direction is integrated over the subgrid cell volume (AVol) and added
into the discretized equation source term, S, as follows:
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S=_ / PY_ 990 (E.20)
Avol /011 0¢

where the minus sign is introduced since the convection term is moved from the left- to the right-hand-
side of the transport equation (Equation E.1). Using an upwind scheme, the convective &-direction
source term is given by:
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Rearranging these expressions in terms of coefficients of @p, @= and @y and splitting the source S into
sy and sp terms (as described in Chapter 3) one obtains the following expressions:
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where the discretized equation is given by:

for Up>0 (E.23)

for Up<O (E.24)

(ap—sp) @ = ar@r +agPs +su (E.25)

Using a similar approach one can show that the convective flux in the wall-parallel n-direction results
in the following source terms:

pVp > (0
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for Vp<O (E.27)

E.3 Convection Normal to the Wall

Convection of scalar @ in the -direction is integrated over the subgrid cell volume and added into the
discretized equation source term, S, as follows:

pW do
S= —/ ———dVol E.28
Avol /033 0C 0 (E.28)

where the W-velocity is obtained from subgrid continuity with additional scaling to satisfy the bound-
ary conditions, as described in Section E.7. Using an upwind scheme, the convective {-direction
source term is given by:
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The above source terms can be rearranged in terms of coefficients of the nodal terms @y, @r and @s
and then split into contributions for the source term sp and the coefficients at and ag, as follows:
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E.4 Summary of Discretized Convection Terms

The following equations summarize the terms arising in the discretized subgrid transport equations
due to convection parallel and normal to the wall:
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Convection of momentum follows the same approach as described above for scalar @ once the up-
stream velocity has been transformed from the coordinate system used in the upstream cell into the
coordinate system of the current cell.
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AVol + < AVol (E.34)

1933

E.5 SourceTerms
The following sections identify the source terms for the subgrid momentum, turbulent Kinetic energy

and dissipation rate equations in addition to those derived above from convection.

E.5.1 U-Momentum

Using the linear k — € model, the source term S} in the subgrid wall-parallel U-momentum equation
is given by:
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The four terms in S} are expanded as follows:

o L0P oP' oP'
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The above source terms are integrated over the subgrid cell and included in the discretized U-momentum
equation source term, sy, as follows:
sy = sg) - dvol E.42
Y7 Javal (S0)e (E.42)
where (AVol = JAZANAQ) is the volume of the subgrid cell and ()p denotes the value obtained at the
current node P. The wall-parallel components of the pressure-gradient term (9P’ /0& and oP’ /on) are

calculated from the main-grid node pressure values. The calculation of the pressure profile across the
subgrid in order to find 9P’ /A is discussed in Section E.9.
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E.5.2 V-Momentum

The source term S3 in the subgrid wall-parallel V-momentum equation is given by:
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These source terms are integrated over the subgrid cell and included in the discretized V-momentum
equation source term in the same manner as described above for the U-momentum equation.

E.5.3 Turbulent Kinetic Energy, k

The Kinetic energy equation in non-orthogonal curvilinear coordinates is given by:

pU ok pvV ok pW ok 10 [ < m) ak]
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where the production term, G (given by Equation D.21) and the dissipation term, € (given by Equation
D.22) are grouped together into the source term, S:

S=G—pe (E.49)

In order to maximize stability, the integrated source term split into components sy and sp as follows:

su = max[(G — pg) 0], AVol (E.50)
Sp= ki {max[(G — pE),0] — pE}pAVol (E.51)
P
where:
ak1/2 ak1/2
2 _ oy
€=2vg ( P ) ( P ) (E.52)

E.5.4 Dissipation Rate, €

The dissipation rate equation in non-orthogonal curvilinear coordinates is given by:
pU %_’_ pV %4_ pw%zli[\]g%( +&>%:|
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where the gradient production term Pg3 is given in Equation (D.27). The source term, S, is as follows:

5 g2
S=cqa f1GE —Ce2 fzp? +pYe+ Pes (E.54)

which is integrated over the subgrid control volume and split into components sy and sp, given by:

= =2
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E.5.5 Main-Grid P;3 Source Term

A low-Reynolds-number turbulence model is used in the main-grid domain, when the UMIST-N wall
function is used, so that arbitrarily small near-wall cells can be employed. In the low-Re Launder-
Sharma and Craft et al. models, the main-grid €-equation includes a damping term known as the
gradient production, Pg3. Care must be taken in evaluating the Pg3 at the main-grid node adjacent to
the near-wall node (node P in Figure E.2)%. The treatment of the main-grid Pe3 term in the TEAM and

1n the near-wall main-grid cell (with node Sin Figure E.2), the subgrid average Pe3 is used in the main-grid cal culation.
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STREAM codes is discussed below.
The gradient production term involves double-derivatives of the velocity components and is writ-
ten in Cartesian coordinates as follows:

U, \°
Pe3 = 2UW; ( o 6>|<k> (E.57)
J

To determine a double derivative, such as 92U /ay2, the strain-rate at the cell faces are first calculated,
(0U/dy),, and (0U /dy), and then the gradient of the strain-rate across the cell are calculated as
olows U _[(2U/3y), — (0U/3y)g

= n (E.58)

ay? Ayps

where n and s denote the north and south cell faces, respectively. In the TEAM code the strain-
rate at cell faces is evaluated from the difference in velocity between neighbouring nodal values,
e.g. (0U /ay), = (Ux —Up) /Aynp. The STREAM code, however, evaluates the strain-rates at the cell
face by interpolating between strain-rates evaluated at the cell centres, e.g. (dU /dy) ,=0.5[(oU /ay), + (0U /ay)g].

These two methods are shown in Figure E.2.
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Figure E.2: Schematics of the near-wall grid arrangement showing the main-grid strain-rate (dU /dy) ¢
as calculated by the TEAM code (left( and the STREAM code (right).

In the approach adopted by STREAM, the strain-rate at the southern cell boundary, s, shown in
Figure E.2, is not calculated accurately when the near-wall node is outside the viscous sublayer (say
y© ~ 30). This is because the main-grid strain-rate at the near wall node, (0U /dy)s, is calculated
assuming a linear velocity profile across the near-wall main-grid cell (whereas the actual velocity
profile is closer to logarithmic for a plane channel flow). In the approach adopted by TEAM, this
problem does not occur since it only uses the velocity at the main-grid nodes P and S to evaluate the
gradient at the cell face.

To obtain a more accurate value for the main-grid strain-rate at the cell boundary with the STREAM
code, one could use the strain-rate in the subgrid cell adjacent to the boundary (i.e. in the subgrid cell
next to position s in Figure E.2). However, the transformation of the second-order strain-rate tensor
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from contravariant subgrid components to Cartesian main-grid components is costly, as the tensor
expression involves three dummy indices for each of the 9 independent strain-rate components (for

details see Section E.8):
_ kX

VP4 — - E.59
~ “9 % L (559
Cartesian contravariant

An alternative and more computationally efficient approach is simply to scale the main-grid Pg3 term
so that it only becomes active when a relatively fine near-wall grid is used, in which case the assumed
linear velocity profile across the main-grid near-wall cell is an adequate approximation. The following
function was tested in the Ahmed body flow:

Re\?
fpez = exp <—§> (E.60)
where R; is the turbulence Reynolds number. The above fpg3 function rapidly decreases from fpgz =
0.92 at R; = 30 to fpez = 0.07 at R; = 70. Using this function, the linear k — € model main-grid Pe3
term becomes:

0U; \?
Pz =2 fPs3UVt <6X'6)I(k> (E-61)
I

E.6 Grid Generation and Geometric Parameters

A number of geometric parameters are involved in the subgrid transport equations in non-orthogonal
curvilinear coordinates such as metric tensors (gij) and Christoffel symbols (F'Jk) Table E.1 gives a
list of these parameters and where they are evaluated (at the subgrid node or at the subgrid cell face).
To calculate and store each of these parameters at each subgrid node along the length of the wall
would entail huge storage costs. Instead, efficient interpolation routines are employed. Values of the
particular geometric parameter are stored at the top and bottom subgrid domain boundaries together
with a few interpolation constants and, at each iteration, values of the parameter within the subgrid
are interpolated.

The following sections firstly discuss grid generation and the calculation of grid parameters s and
As, which denote the position and thickness of the subgrid cells, respectively. A description of the
interpolation practices used for calculating the covariant metric tensors, gjj, is then given. This is
followed by a presentation of the equations used to calculate the Jacobian, the contravariant metric
tensors and the Christoffel symbols.

E.6.1 Generatingthe Subgrid Mesh

Figure E.3 shows a typical curvilinear grid arrangement where the subgrid mesh is embedded within
the near-wall cell which has corners ABCD. Subgrid vertices on the AD line are numbered from 1 to
(n—1) and subgrid nodes from 1 to n. The position of the main-grid vertex at corner A is denoted
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Geometric Node/ Term in which See
Par ameter Boundary the parameter appears Equations
J Node AVol in convection and source terms | (E.33-E.36),
(E.50), (E.51),
(E.42) etc.
Boundary Pe3 and Diffusion (D.27), (E.4)
F'jk Node Momentum equation source terms, | (D.21), (D.12)
strain-rate for G
Boundary Strain-rate for P, (012/00) (D.27), (D.12)
g" Node Pressure gradient, €, G (D.21), (D.22),
(D.12)
Boundary Pe3 (D.27)
Jij Node Convection, source terms, G (D.21), (E.33-
E.36), (E.50),
(E.51) etc.
Boundary (013/00) (D.12)

Table E.1: Geometric parameters employed in the subgrid transport equations in non-orthogonal
curvilinear coordinates and where the parameter is required (at the node or boundary).
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\3 4 | rds\_\ c | 1os
\ 2 3 | rdsh \ 5 [ ins
DX1 2 1 C ds\_\ 3 [ 12s,
%% 7 47/

Figure E.3: Subgrid arrangement showing node and vertex notation and cell thicknesses. Distances
indicated on the right are in the measured parallel to the s-axis (the physical equivalent of the {-axis).
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with upper-case (XVa,YVa,ZVa) and the position of the subgrid nodes with lower-case (xi, Vi, zi). The
positions of the first and last subgrid nodes are given by:

1 1
X1=3 (XVc+XVp) ; y1= > (YVc+YVp) ; 21 == (ZVc +2ZVp) (E.62)

N = N =

1 1
Xn = (XVa+XVs) ; Yn=3 (YVa+YVs) ; 20 =7 (ZVa+2Vs) (E.63)

Between the first and last subgrid nodes the subgrid is algebraically generated, expanding with a given
ratio from the wall to the outer edge of the domain, according to:

AS; = rAsj_1 (E.64)

where r is the expansion ratio and As; is the cell width for node i, measured in the s-direction (par-
allel to the curvilinear -axis). The distance between the bottom and top subgrid domain boundary
locations, s1 and sy, consists of the sum of the control volume widths:

Sp—S1 =tds (E.65)

where:

(n-3)
t=S M= (1+r+r24. . +r"d (E.66)
Zo ( )

The thickness of the smallest control volume (adjacent to the wall) is then given by:

ds = (5 . 51) (E.67)
The thickness of a subgrid cell, As;, is as follows:
Asp = ri-2ds
r(i-2)
= s (E.68)
This can also be expressed as:
: (i-2)
S r (E.69)

(n—s1) 5™ Ipm
where ¢; is the ratio of the size of the subgrid cell, As;, to the thickness of the subgrid domain (sp —S1).
This ratio is only dependent upon the given expansion ratio, r, and the number of nodes, n. The ratio
As;/ (s —s1) is stored for each wall (only requiring an array with n values, where n is the number of
subgrid nodes across a given main-grid cell) and the thickness of a particular subgrid cell is obtained
from the product of this ratio and the width of the main-grid near-wall cell (s, —s1). One can calculate
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the thickness of cell i in Cartesian coordinates as follows:

(DXib); = Ci (Xn —X1) (E.70)
(Aytb); = Ci (Yn— Y1) (E.71)
(Azyp); = Ci (Zn—121) (E.72)
where:
AS? = (Dxtp)? + (Byo)f + (Dzep)] (E.73)
and:
(Sn—51)° = (X0 —X1)*+ (Yn —y1)* + (20 — 22)° (E.74)

Subscript tb refers to the distance from the top to the bottom of cell i (for cell notation see also Figure
E.7). The location of the subgrid nodes in terms of distance s is determined from:

1 (i-1)
Sj =951+ EASi + ; ASJ (E75)
J:

so that, for instance, the location of node 4 in Figure E.3 is given by:
1
Sq4 =51 +ASy + Asz+ EAS4 (E.76)

where s; is the location of the wall. Substituting Equation (E.69) into (E.75):

Lo samsi+ 3 | |
Si—S1 = =Ci(Sn—S1)+ Cj (Sn—sS1)
i 2 i\on J; j\°n
I )
= (sn—s1) | 5Ci+ ) cj
n 2 i J; j
= (sn—s1)di (E.77)
which states that the position of the subgrid node relative to the wall (s;j —s;) is a function of the

thickness of the main-grid cell (s, —s1) and parameter d;. Parameter d; is only a function of ¢; which
was shown above to have storage requirements limited to a one-dimensional array with n entries.

The location of the top boundary of subgrid cell i, denoted s!, is calculated as follows:

i
st = si+ ;AS] (E.78)
=
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Rearranging this, using Equation (E.69), one obtains:

st—s; = Ci(Sh—S$
1 J;[J 1)]

ol

= (sn—s1)e& (E.79)

where ej depends only upon c¢; and hence can be stored in a one-dimensional array with n entries. The
parameter e; is used to interpolate values to the top and bottom faces of the subgrid cells.

To summarize the above discussion, the subgrid is generated by specifying the number of subgrid
nodes n (which includes nodes on the top and bottom boundaries) and the expansion ratio r, for which
(r > 1) leads to smaller cells near the wall than the outer boundary of the subgrid. The thickness each
subgrid cell, As;, is obtained from:

‘ As; = ¢j (Sn—51) ‘ (E.80)
where:
_r (E.81)
Ci = .
sy

and the position of each subgrid node s; relative to the wall boundary node, s1, is given by:

Isi—s1=(sn—51) 0 (E.82)

where:

d (1 5 ) (E.83)
i=|5CG+ Cj :
2 J; :

The position of the subgrid top boundary for cell i is also calculated from

S —S1=(Sn—51)€ (E.84)

where;

e = I Ci (E.85)
,; j

E.6.2 Interpolation to Subgrid Cell Boundaries

In order to assemble the diffusion terms in the coefficient matrix it is necessary to interpolate to
find the eddy-viscosity at subgrid cell boundaries. The subgrid nodes are positioned in the centre of
the subgrid cells (as defined by the calculation of d;, see Equation E.77), and linear interpolation of
parameter @ to the top boundary (position t in Figure E.4) is achieved using the function f;:

@=a+fi(@1-9) (E.86)
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[
i ==

Figure E.4: Subgrid cells showing position of nodes within the cells

where: A
Si
fi=—-—— E.87
I (ASi+1—|—ASi) ( )

Using Equation (E.80), this can be written:
Ci(Sn—51) Ci

i= [Cita(Sn—51)+Ci(Sn—51)] (Cir1+Ci) (E.88)

For an entire wall, the interpolation function can therefore be stored in a single one-dimensional array
with n entries (where n is the number of subgrid cells in the wall-normal direction).

(922)0'5
(911)0.5

(933)0.5

| v

Figure E.5: Three-dimensional near-wall cell showing subgrid volume (shaded). The square-root
of the metric tensors ./G11, /022 and /a3 represent the physical distances between the east-west,
north-south and top-bottom faces, respectively.

In addition to interpolating values at the top and bottom subgrid cell faces, it is necessary to find
east, west, north and south subgrid cell face values. These are used, for example, in the calculation of
the subgrid W -velocity. The value of ¢ at the eastern subgrid cell boundary is given by:

Q=@+ (e — ) (E.89)
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where:

re_ 1V(Oue (E.90)
b2 (911)e
and likewise:
1v(9
=+ (p-q) ; f'= 57((91111))W (E.91)
W

m=p+f(on-—0p) ; = % Egz))" (E.92)

®=0st (e —gs) 5 fR= % _2333 (E.93)

where upper case E,W,N,S refer to nodal values and lower case e,w,n,s refer for cell face values in

the east, west, north and south directions respectively.

E.6.3 Covariant Metric Tensor, gij
The covariant metric tensor, g;j, is calculated from:

S oxkoxk ox ox 9y dy 0z 0z
9i=2 agag g g owioel T agoE (E94)

So, for example, gi2 is given by:
012 = XgXn + YeYn + Zs2n (E.95)

where, for example:

ox Xe—Xw . (E.96)

The gi; components are given by:

[ 011 912 013

[9ij] = 021 922 023

| 931 U322 033

(X§+y§+Z§) (XeXn +Yeyn +2e2n)  (XeXg +YeYe +2:2)
= | (eXn+Yeyn +2e20) (x4 +v5 +727) (XnXg +YnYz +2n2¢)
| (exgHyeve+az)  (xgtyvetzzy)  (E+yE+E)

(E.97)

Since the metric tensor is symmetric (gi; = gji), only 6 independent quantities need to be calculated.

In the UMIST-N wall function, rather than store all 6 components of the metric tensor for each
of the subgrid cells all the way along the wall, values of the metric tensors are stored at the subgrid
domain boundaries (top and bottom) together with a few interpolation constants. At the beginning
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W72 %

Figure E.6: Three-dimensional view of subgrid block. The top surface ABCD is assumed to be parallel
to the wall surface EFGH. Both planes are parallel to the subgrid & —n plane.

of each subgrid iteration, values of the metric tensor within the subgrid are interpolated. The inter-
polation functions are derived below for each of the metric tensors. Figure E.6 shows the general
arrangement for a subgrid, where it is assumed that the top and bottom surfaces of the subgrid cells
are parallel to the wall surface.

Figure E.7: Three-dimensional subgrid cell showing the distance from the east to the west face, Argqy
. The physical wall-normal distance in the {-direction is denoted s.

The simplest interpolation functions are for the metric tensors gi; and gop. Figure E.7 shows a
typical subgrid cell and the distance between the east and west cell faces, Argqy. The metric tensor, gi1
is given by:

gu = X+Yi+zE

= (Xe— XW)Z + (Ye— YW)2 + (Ze — zw)
= Ar, (E.98)

2

Distance Argy is a linear function of the physical wall-normal distance. The metric tensor g;; can
therefore be interpolating from values at the top and bottom of the subgrid block, as follows:

(v/(911)1 — /(911))

(Sn—s1)

(s—s1)+4/(911) (E.99)

Ju =
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where s; is the position of the subgrid node on the wall surface, (s, —s1) is the total height of the
subgrid domain, and upper-case T and B refer to values at the top and bottom of the subgrid domain
(at the same positions as subgrid nodes 1 and n, shown in Figure E.3). Using Equation (E.82), this
expression can be written:

V011 = \/(911)B+ <\/(911)T — \/(911)5> di (E.100)

A similar result can be obtained for the g metric, which is equivalent to the square of the distance
from the north to the south faces of the subgrid cell, (Arns)z. The metric tensor ga3 is given by:

9 = X +yi+z2
= (X —Xo)°+ (Yt —Yb)*+ (21 — 2)°
= As? (E.101)

where As is the thickness of the subgrid cell, from top to bottom.

Figure E.8: 2-D plane in the & — n axis used to calculate the metric tensor g1». The four sides of the
trapezoid ABCD are (in general) non-parallel and the lengths of the diagonal elements are denoted
Argp and Arpc.

The metric tensor g1 is given by:

02 = (XeXn +YeYn +2e2q)
= (Xe—Xw) (Xn —Xs) + (Ye = Yw) (Yn —¥s) + (Ze — Zw) (Zn — Zs) (E.102)
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The x-axis term can be expanded:

1
(Xe—Xw) (Xn =Xs) = 7 (XB+Xc—Xa—Xp) (Xa+Xe —Xc —Xp)
1
2 [(x5 — 2xgXp — XB) — (X4 — 2xaXc — X&) ]
1
= 2 [(XB—XD)Z_(XA—XC)Z] (E.103)

where subscripts A, B, C and D refer to corners of the quadrilateral element in the & —n plane, as
shown in Figure E.8. Performing similar manipulations of the y and z terms, the metric tensor g1, can
be written:

g2 = [(XB —xp)® — (Xa —Xc)?
(Y8 —Yp)* — (Ya—Yc)?
(28 —20)°— (za— 20)2]

(&rgp — Arac) (E.104)

e o S S

where Argp is the length of the diagonal from corners B to D, and Ar ac from corners A to C. The two
diagonals lie in the & —n plane parallel to the wall?. Both Argp and Arac are linear functions of the
distance along the (-axis, denoted s. The metric tensor g1, can therefore be interpolated from:

Argp = Argy + (Argp — Argp) di (E.105)
Arpc = Drpe + (Arpe — Arpc) di (E.106)
where:
1 2 2
g2 =7 (Argp — Aric) (E.107)

The interpolation of the gi3 and go3 covariant metric tensors is slightly more complex than gi»
as the diagonal lengths (shown in Figure E.9 as Argp and Arac) are no longer a linear function of
the distance from the wall since the subgrid cells have non-uniform thickness (assuming that cells
are clustered towards the wall). The following derivation proves that the metric tensor g13 is pro-
portional to /g110s3. Since expressions for the interpolation of gi1; and gs3 are already known, this
proportionality expression provides an efficient route to interpolating g1s.

Using the cosine rule one can express the square of the length Argp in terms of the lengths of the
sides of the triangle ABD or triangle BCD:

1
Ar3p = Arde + Ardp — 5Drecircp cos @ (E.108)

2N.B. if the cell is orthogonal inthe & —n plane, the two diagonal lines Argp and Arac will be equal in length and hence
g12 will be zero.
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Figure E.9: 2-D plane parallel to the & — C axis used to calculate the metric tensor g;3. Sides AB
and CD of the trapezoid ABCD are both parallel to the wall while sides BC and DA are (in general)
non-parallel.

or:
1
Ar3p = Arag + Arip — 507 A8 AD COSO (E.109)

Combining these two expressions:

Ar3y = % (Ar3c + Argp + Arag + Arap) — % (ArgcArcp €O 8 + AragAArap C0SO) (E.110)
Similarly, for the diagonal length Arac one can write:

Aric = % (Arig + Arge + Arap +Argp) — % (ArpgArac cos Y+ ArapArcp €OS @) (E.112)
From Equation (E.104), the covariant metric g13 can be written:

i3 = (Ar%D - Ar%c)

=Rl

= 16 (ArasArgc cos Y + ArapArcp Cos @

—ArgcArcp €0S0 — AragArap C0SO) (E.112)

It is assumed that the top and bottom faces of the subgrid cell are parallel and therefore the sum of the
internal angles (o + @) = 180° and (Y + 6) = 180°, hence:

c0s 0 = cos (180° — @) = —cos @ (E.113)

cosB = cos (180° — ) = —cos Y (E.114)
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The metric tensor g3 can therefore be written:

1
013 = T (ArpgArgc coS Y + ArapArcp €0S @+ ArgcArcp €0S Y + AragArap C0S @)

1
= 1_6 [(AI’ABAI'BC + AFB(;AI'CD) Ccos lIJ + (AFADArCD + ArABArAD) cos (p]

1
= [(Arag + Arcp) (Arge cos W+ Arap €oS @) (E.115)

Earlier it was shown that the covariant metric tensor g11 is given by:

011 = 5 (Arag +Arep) (E.116)

N =

which is a linear function of the distance from the wall. The lengths of the sides Argc and Arpp are
also proportional to the thickness of the subgrid cell, As, and the angles Y and @ are constant for a
particular near-wall main-grid cell. Therefore, using Equation (E.101) one can write:

913 U /911033 (E.117)

The metric gi3 can then be linearly interpolated as follows,

_ [(913)7 — (913)g] B
98 = )0 [ gy — v/ (augals s~ lauae (E419)

or, more simply:
913 = ay/g11033 + b (E.119)

where the metric tensors gi1 and gsz are evaluated using Equations (E.99) and (E.101) respectively,
and constants a and b are given by:

4 [(913)7 — (913)g] ] b= (gus)y : (911933)g [(913)7 — (913)g]

[v/(911933)7 — \/(011933)g v/ (911933)1 — /(011933);)

Note that in Equations (E.118) and (E.120), subscripts T and B do not refer to values at the top and
bottom of the subgrid domain. Instead these subscripts refer to values at the neighbouring cells (n—1)
and 2, shown in Figure E.3. This is because one needs to have a finite cell thickness (As; # 0) in order
to calculate g13. Constants a and b are calculated once and stored in computer memory to reduce

(E.120)

computing time. Values of (g13) and (913)g can be calculated from:

013 = (Xe — Xw) (Xt — Xp) + (Ye — Yw) (Yt — ¥b) + (Ze — Zw) (Zt — Zp) (E.121)

An analogous solution can be obtained for the g3 metric tensor, where the trapezoid ABCD is located
in the n — ¢ plane.
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E.6.4 Jacobian,J

The Jacobian, J, is evaluated from the determinant of the covariant metric tensor matrix, g. Once one
has calculated all the gi; components across the subgrid, one can evaluate J from Equations (B.58)
and (B.95), as follows:

J =\
= [011 (022933 — 923023) — 12 (921033 — U23031) + 013 (021032 — 920021 )]*°  (E.122)

E.6.5 Contravariant Metric Tensor, g}

The contravariant metric tensor, g'/, is evaluated by inverting of the covariant metric tensor matrix:

1
g” = —Gij (E.123)
g
where g is the determinant and G;; is the matrix of cofactors of covariant metric tensor matrix. The

contravariant metric tensor is thus given by:

) Gun G Gz
g = Go1 G G
Ga1 Gz Gazs

(022033 —923032)  — (012033 — 013032) (912023 — 013022)
1
= 5| —(021933—023931) (011033 —013031)  — (911023 — 913021) (E.124)
(021932 — 022031)  — (911032 —012031) (911022 — 912021)

(&

where gij = gji and Gj; = Gj;, hence only 6 independent cofactors need to be calculated.

The leading diagonal terms in the cofactor matrix (G11, G2 and Gg3) are equivalent to the square
of the ratio of the cell face areas to the cell volume. This can be deduced from the definition of the
contravariant metric tensor (Equation B.31), as follows:

& = &
1 1
= m(91X92)‘m(91X92)
= <£>2 (E.125)
AVol

where Az, is the area of the cell face in the & —n plane and AVol is the cell volume. The above
equation can be used to determine the wall-normal distance from AVol /A1,, where A, is the area of
the cell face on the wall.

Interpreting a physical meaning for the off-diagonal contravariant metric tensors is slightly more
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difficult. The g'? metric tensor is expanded as follows:

Ax- Az
AVol?

(02 x03)- . (01x03) = (E.126)

9 AVol

~ Vol
where, from the definition of the cross-product, the vector A »3 is the area formed by vectors g, and g3

with direction normal to both g, and gz (i.e. in the direction of gt). If the base vectors g* and g? are
orthogonal the g2 metric tensor will be zero.

E.6.6 Christoffel Symbol, I},
The Christoffel symbol of the second kind is calculated from:

(Lo (%0, 001 o5y
=39 (%8 + o1 ~ e (E.127)

For example, '3, is given by:

1 0 0 0 0 0 0
r%:_ [931< 921+ Q11 912>+932< gzz+ Ji2 912>

2 aE ol ] 62 aE ol ] ol ]
6923 agl3 6912
33

where &1 =&, €2 =n and &3 = . Since the metric tensor is symmetric (gij = gji), this can be simpli-

fied:
1 0911 0922 0923 | 0913 0912
r3 _ = 31YYll 32Ydzz 33 o E.129
To calculate the gradients of the covariant metric tensor, g;j, it is necessary to evaluate g;; at cell
boundaries. The subscripts of the Christoffel symbol are interchangeable (I'!‘j = I"j‘i) and therefore

there are only 18 independent terms, which are summarized below:

1 1 4 (,000 0911
o= 39 (%% g

_ Ll (99u) | 12 (50912 09u ) | a3 (,0013  09n
= 2[9 <OE>+g 265 an +9 26& i (E.130)

1 2 (,002 092
- (25 %)

_ Lqu(p%92 992 | 12 (992) | 13,092 092
= 2[9 (2 on aE>+g an +4 26n Pl (E.131)
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1 1 (993 _ 09ss
1] 41(,0931 09a3 12,003 0033 13 [ 0933
= =8 =2 28 Bz E.132
2[9 <Zaz az>+g ¢ " )T e (E132)
1 4 (002 09y 0912
r12—r21 = 3 (aE + an - 05')
1[ 11 (0911 10 (0922 130923 0013 0Q12
1 0911 0922 _ E.133
2[9 <0n>+g oe )T o Tan o )| B
1 1 _ 1 9093  0gu 0913
Mz=rz = > P + o  oF
1| 11 (0911 120932 091> 0013 13 [ 0933
- = === — — E.134
2[9 <0Z>+g g "ot )t e )] BB
1 1 _ 1 4(093 092 0923
=T = 59 an + T FH
1[ 11/0931 0021 0923 12 (0922 13 (0033
= = Bz Az E.135
2[9 <0n+6Z a&)”’ )t o)) G
2 1[ 1 (0911 0912 ~ 0gu 23 (0013 0011 \ |
- A (22 Bz Hu E.136
o= 519 e 2% “on )TV P )| BB
= (o ) g () g (000t
Mz = 3 g 2a +g? on +g 26r1 ) (E.137)
2 _ L[ %_69_33 2 (,0932 0933 | 23(0933]
M = 3 9 2 T +9 ) (E.138)
> 2 _ L[ 2 (091 25 (0922 23 (0923 | 0913 0912\ |
Mo=Tzn = 3 _g on +9 5 +9 5 1 on ot ) (E.139)
17 0911 0932 0012 0013 23 (0033 |
=r3 = 3 = &Rk E.140
herh - g () (TR )0 (F)] e
2 2 1[ 51 /0931 0921 0023 2 (0022 23 (0033 |
2 _ 1 _ 9922 0933 E.141
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r3,—r3 — %:931 (?—#)—1—932 <ag_§2>_’_933 <ag§3+0§];3_0§22>: (E.145)
i () () ()] e
st () () ()] e

E.7 Calculation of Wall-Normal Velocity

The subgrid velocity in the Z-direction is calculated from continuity and scaled, as described in Section
4.3.1. The continuity equation in curvilinear coordinates is given by:
% w> —0

ot Jog \ \/Ou Jon \ /922 JoC \ \/9z3
where, U, V and W denote the physical velocity components in the direction of the base vector com-

ponents &, n and ¢ respectively. For a steady, incompressible flow this expression integrated over a
subgrid cell with volume (AVol = JAEayANnsQAlip) gives:
)
S

(E.148)

) @), ), e

fluxew

(=) s
"),

fluxng

w)b -

fluxy

0

(E.149)
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where, for instance, fluxey is the sum of the flux through the east and west subgrid cell faces. This
can be rearranged in terms of the velocity at the top subgrid cell face, W, as follows:

Wi = (Fluxy — fluxey — F1uXes) <—V3’33> (E.150)
t

The calculation procedure for the subgrid W-velocity starts from the wall surface where, for a non-
porous wall, it is assumed that the flux through the bottom wall is zero (flux, = 0). In the wall-
adjacent subgrid cell one can therefore calculate the W-velocity through the top cell face (W;) from
Equation (E.150). This calculation is repeated sequentially for each subgrid cell, moving steadily up
the subgrid towards the top boundary. The W -velocity at the subgrid nodes (Wp) is then simply the
mean of the top and bottom face values. Once all the W-velocity is known at all the subgrid nodes a
scaling is applied as followed:

W =oaWg (E.151)
where:
W 3 3 (E.152)
(We* +tiny) <as<

Subscript t denotes the position at outer edge of the subgrid domain (i.e. top of the main-grid cell),
superscript * denotes the value calculated from continuity and the prime (’) denotes the main-grid
value or boundary condition (see also Section 4.3.1).

E.8 Conversion between Contravariant and Cartesian Components

E.8.1 Vector Quantities

The velocity vector, v, can be expressed in terms of the Cartesian base vectors, €j, or the non-
orthogonal curvilinear base vectors, gj, as follows:

v=1ug=\Vlg; (E.153)

where u' and v! are the Cartesian and non-physical curvilinear components, respectively. One can
similarly write an expression for the position vector r:

r=xg=_&g (E.154)
Rearranging this expression using the chain rule:

_or or 98l g

&= 5 = 5E a0 =930 (E.155)
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and substituting for the Cartesian base vector, one obtains:

. QE]
v=1u'g :U'ng (E.156)
Comparing Equations (E.153) and (E.156), the curvilinear velocity components (vj) must be equiva-
lent to components (u'9g! /ox!):

: QE]
i yigs _
vi=u PN (E.157)
This can be expanded:
vi=ule,+ UZEy +U%; (E.158)
vZ = ulny+uPny +uin, (E.159)
V3 = uly+ %, + %, (E.160)

and written in matrix form, using the physical velocity components v}, where vi = v{) /. /g55:

v /\/gu & & & | [u

V(2>/\/ g2 | = | Nx Ny Nz u? (E.161)
v/ Gz i & ud
curvilinear -t Cartesian

where the 3 x 3 matrix in the above expression is equivalent to the inverse of the Jacobian matrix
[3]~%. The conversion factor 981 /dx' is sometimes given the symbol {3/.

To reverse the above function and obtain Cartesian velocity components from the curvilinear one
needs to express the curvilinear base vectors in terms of the Cartesian vectors, as follows:

or  or ox oxi

= =—— =g E.162
9= 58 Taxoe Yo (E-162)
The velocity vector can thus be written:

. . . axi

—Ue =vig =i
v_ua_vgj_vazja (E.163)

and so the in Cartesian velocity components (ui) are given by:

X

d i (E.164)

P
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In matrix form using physical contravariant velocity components, this can be written:

ut Xe X Xg v/ /o
wol=1v wm v || Vv?/ iz (E.165)
ud Zx Iy g v@/, /933

N—— ~

Cartesian [J] curvilinear

where the 3 x 3 matrix in the above expression is simply the Jacobian matrix, [J].
The inverse Jacobian matrix [J]~* is found from:

ot % icof (3)]" (E.166)

where J is the determinant, cof(J) is the matrix of cofactors and [cof (J)]" is the adjoint of the [J]
matrix. This is expanded as follows:

O = 3 feof)”

(Ynzg=yzzn)  — (XnZg—%¢Zn)  (Xn¥g —Xg¥n)
= —(Yezg —zg¥e)  (Xezg—XqZe)  — (XeYg —XgVe) (E.167)
(Yezn —YnZg)  — (XeZn —XnZg)  (Xe¥n —XnVe)

(SN

where the Jacobian, J, is given by:
J = xe (YnZg = Yezn) = Xn (Yeze — 2¢¥e) +%¢ (Yezn — YnZe) (E.168)

E.8.2 Second-Order Tensors

A second-order tensor, such as the Reynolds stress, is expressed in contravariant and Cartesian coor-
dinates as follows:
T=tlg®gj=tjeoe (E.169)

Earlier it was show that the covariant base vector, gj, can be written in terms of the Cartesian unit

t :
e o or X  ox

= = e = E.170
9 =58 Taxo et (E.170)
Substituting this into Equation (E.169):
./ OxP oxa
— [ = -
T=1 (azi ep> ® <an eq> (E.171)
which can be rearranged:
P 9xd y
pg OO ) (E.172)

-~ aEI a_EJ ~—~
Cartesian contravariant
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The above equation can be used to convert the Reynolds stress tensor, uful from contravariant to
Cartesian coordinates.

The mean strain-rate tensor, Ujj, is a mixed contravariant and covariant tensor, having both a raised
and a lowered index. To satisfy the summation convention of repeated upper and lower indices, the
subgrid strain-rate tensor must be converted into a fully contravariant second-order tensor before it is
transformed into into Cartesian coordinates, i.e.:

_ gk X2 ot gy i 9xP oxd

pa = —_— .
VP = UM gek = 9Vl G o (E.173)

where V P4 js the Cartesian strain-rate tensor and the contravariant strain-rate tensor is calculated from

Equation (C.96):
. 0 (u® um
U= — [ — | + —I . E.174

3 (\/gii> Omm (E174)

E.9 Calculation of Pressure Gradient, 0P/d(

In Section 4.2.2 it was discussed that the subgrid pressure gradient in the {-direction (0P /d{) appears
in the wall-parallel momentum equations when the near-wall grid is skewed in the plane normal to the
wall. This is because the gradient of the pressure in the {-direction has a component which is parallel
to the wall (since the C-axis is not perpendicular to the wall). The subgrid pressure gradient in the
C-direction is calculated from the following expression:

OP-A+(0-pu®u)-n=0 (E.175)

This states that the sum of the projection of the pressure gradient and the projection of the divergence
of the Reynolds stress tensor in the wall-normal direction is zero. The 0P and (O-u®u) terms are
expanded as follows:

oP
0¢!

Ble (E.176)
k d i

O-uu = g-a—zk<uula®ej)
auiul

_ a—&kBli(a (E.177)

where the Reynolds stress components u'ul are in Cartesian coordinates. To convert from contravari-
ant to Cartesian components, the conversion factor BL is introduced which can be shown to be equiv-
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alent to the inverse Jacobian matrix, [J] %, as follows:
ogm ogm o9&k
K_ A oK k_ 0S¢ <«  0¢
B =6 = om g = 58 = =% (E.178)
~~
N
The pressure gradient, P, is expanded further as follows:
aP - aP
OP = lg = 3
%,_/
PN
2.,
+ 0& Bz Bz OZ Bz €
h/—/
RS
2.,
E.179
+ 0& B3 B3 OZ B3 €3 ( )
h/—/
pin
and the projection of the pressure gradient in the wall-normal direction is given by:
- oP oP oP
OP-A = (PE” + W@ Ny + (P&” + &[52) ny + <P§” + W@ N, (E.180)
where the wall-normal unit vector is given by:
A = nyer + nyes + N3 (E.181)
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The divergence of the Reynolds stress tensor is expanded:

Sea = (et Ole T
%L;VBz auvB aaquB
agng Jrauw[3 GUW[33>

S
+<%L?B}+W—TB§+?—?B§
GEBZ+6WB e

1 2 3
+0—E[33+ %[534‘ G—ZB3> €

S
OWu_, OWU_, OWU _,
+<6€, BH‘ BH‘ FTe B1
oWV OWV 5
e P + Bz +—PB3
GZ
aww aww
B3+ [3 [33 (E.182)
OE
S
and its projection in the wall-normal direction is given by:
(O-u®u)-f = (Sxer+ Sy +Sz3) - (Nxe1 + Nyer 4 Nz€3)
Finally, Equation (E.175) can be rearranged in terms of 0P /9:
En n
hallNN E.184
¢ (B3« + any + B3”Z)

Since one needs to find gradients of the Reynolds stress components across the subgrid cells, the
above method requires the subgrid Reynolds stress in Cartesian coordinates to be stored. A similar
method to that described above is used to determine the main-grid pressure on the wall surface in the
STREAM code (see Section 3.3.5).
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E.10 Calculation of Wall Shear Stress, Ty

The wall shear stress, Twa, is calculated using the non-physical contravariant subgrid velocity com-

ponents and then transformed into Cartesian coordinates. The two wall shear stress components, T\ENa”

and T, in the grid-aligned &- and n-directions are calculated from:

€ HZ—L; ZM[(U/M)P_N(]U/M)W&'“} (E.185)
T\r)\la“ :ug_\; :U[(V/M)P—Ar(]\//\/@)wa“] (E.186)

where (U/,/011)p and (V/,/822)p are the non-physical contravariant velocity components at the
near-wall subgrid node, Uyg and Vi are assumed to be zero, and An is the perpendicular distance
from the wall to the adjacent subgrid node3. This distance, An, is calculated from the contravariant
metric tensor, g33, in the near-wall control volume. It was shown in Section E.6.5 that this metric

tensor has the physical meaning:
2
g® = ( Az > (E.187)

AVol
where Ay, is the cell face area in the & — n plane through the midpoint of the cell, and Vol is the cell
volume. Assuming that the top and bottom (wall) faces of the near-wall cell are parallel, the volume
is given by the product of area Ay, and the wall-normal distance. The distance from the node (halfway
down the cell) to the wall is therefore given by:

1 AVol 1
M=-——=—"+ E.188
2 Az 2,/g® ( )
The wall shear stress is then transformed into Cartesian components using Equation (E.165):
X &
Tall Xe Xn Xg Tyall
y _
Twal | = | Y& Yn Yz Toall (E.189)
Thal g In It 0
N——

N

3Non-physical components must be used here since the wall shear stress is subsequently converted into Cartesian coor-
dinates using the Jacobian matrix, [J]. It was shown in Section (E.8) that this Jacobian matrix converts from non-physical
contravariant into Cartesian components.



